And so is Theorem A of Appendix 2 of Gilmer [2] . The aim of this paper is to prove these theorems for semigroups. We will prove all these theorems for semigroups except [10, Ch. IV, Theorem 31]. We will prove [10, Ch. IV, Theorem 31] for semigroups of dimensions 1 and 2.
g-monoid. Explicitly, semigroups we mentioned above mean g-monoids. Many propositions for commutative rings are known to hold for g-monoids. The author conjectures that almost all propositions in multiplicative ideal theory hold for g-monoids (cf. [5] ).
The semigroup ring of a g-monoid S over a commutative ring R is denoted by R[X;S], where X is a symbol. LEMMA 1. Let I be a proper ideal in a finitely generated semigroup S. If I is r-generated, that is, generated by r elements of S, then every prime ideal P minimal among containing I has height at most r.
PROOF. Let k be a field. Then the semigroup ring k[X;S] of S over k is a Noetherian ring, and Pk[X;S] is a prime ideal minimal among containing If every ideal of a g-monoid S is finitely generated, S is called a Noetherian semigroup. LEMMA 2. Let S be a Noetherian semigroup such that the unit group H of S is a free abelian group. Let I be a proper ideal in S generated by r ele-THEOREM 1. Let I be a proper ideal of a Noetherian semigroup S. If I is generated by r elements, then every prime ideal minimal among containing I has height at most r.
PROOF. We may assume that P equals to the maximal ideal M of S. Let LEMMA 4. Let S be a Noetherian integrally closed semigroup, and P be a maximal ideal of S. If P is a prime ideal of a principal ideal (y), then P is a principal ideal.
The proof is straightforward. THEOREM 3. In an integrally closed Noetherian semigroup S, each prime ideal P of any proper principal ideal (y) has height 1.
PROOF. SP is a Noetherian integrally closed semigroup, and PSP is a maximal ideal of SP which is a prime ideal of a principal ideal ySP by Lemma 5. Lemma 4 implies that PSP is a principal ideal. Therefore PSP has height 1. Hence P has height 1.
Let P be a prime ideal of a g-monoid S. If P is the only P-primary ideal of S, then P is called unbranched. (1) S1 is a g-monoid and M is the conductor of S1 in V. Therefore, S1 and V have the same complete integral closure. In particular, S1 is not completely integraly closed.
(8) S1 is a valuation semigroup on L if and only if S is a valuation semigroup on G.
(9) The valuative dimension of S1 is equal to k+ dim V, where k is the maximal dimension of a valuation semigroup on G containing S. (k may be infinite.) (10) The finitely generated ideals of S1 which properly contain M are those Almost all of the proof of Theorem 4 is an analogy of the proof of [2, Appendix 2, Theorem A]. The sufficiency of (11): V is the integral closure of S1.
By the Mori-Nagata theorem for semigroups [6] , V is Noetherian. Let S be a 1-dimensional Noetherian semigroup, and M be a maximal ideal of S. Then, clearly, M is a prime ideal minimal among containing a 1-generated ideal of S. THEOREM 5. Let S be a 2-dimensional Noetherian semigroup, and M be its maximal ideal. Then M is a prime ideal minimal among containing a 2-generated ideal of S.
The motive of this paper, first, was to prove all such propositions in [10] and in [2] for g-monoids S that have meaning for S. All these propositions in [10] However, since they have not been published, we will state them briefly, for convenience. A semigroup version of [3] is under preparation in [4] . The only such propositions in [2] that is not contained in [3] and has meaning for S is [2, Appendix 2,Theorem A]. PROPOSITION 6. Let S be a g-monoid, T an extension semigroup which is integral over S. If P is a prime ideal of S, then there exists a unique prime ideal Q of T lying over P. PROPOSITION 8 . Let V be a discrete valuation semigroup of rank 1, and L an extension torsion-free abelian group of the quotient group G of V with 3 . Then W is a 1-dimensional Krull semigroup by [6] . Hence W is a discrete valuation semigroup of rank 1.
QUESTION. If P is a prime ideal of height n in a Noetherian semigroup S, then is P a prime ideal minimal among containing an n-generated ideal of S?
